Persistence of solutions to higher order nonlinear 
Schrodinger equation 

Xavier Carvajal^, Wladimir Neves^ 

Abstract 

Applying an Abstract Interpolation Lemma, we can show persistence 
of solutions of the initial value problem to higher order nonlinear Schrodinger 
equation, also called Airy- Schrodinger equation, in weighted Sobolev spaces 
X^■^ for < e < 1. 

1 Introduction 

Motivated by the difficulty question of how to show persistent properties of 
solutions to dispersive equations in the weighted Sobolev spaces, we proved 
an Abstract Interpolation Lemma. Then, applying this lemma we were able to 
show persistence for the so called Airy-Schrodinger equation in weighted Sobolev 
spaces X*'^, see definition in equation (|I.4p . for < < 1 and s — 2. 

Here, we have focus on the exponent of the weighted, that is, we have been 
concentrated on X^'* for 9 < 1. In this direction our result is new, moreover 
to higher order nonlinear Schrodinger equations. We address the reader the 
paper of Nahas and Ponce flSl for similar results on the persistent properties 
of solutions to semi-linear Schrodinger equation in weighted Sobolev spaces. 
Although, that paper used different technics from ours. 

1.1 Purpose and some results 

In this paper we describe how to obtain some new results on the persistent 
properties in weighted Sobolev spaces for solutions of the initial value problem 
(IVP) 

{dtu + iad^u + bd^u + ic\u\'^u + d \u\'^dxU + eu'^d^u = 0, {t,x) e M^, 
u{x,0) = uo{x), 

(1.1) 
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where u is a complex-valued function, a, b, c, d and e are real parameters and 
Mo is a given initial-data. This model was proposed by Hasegawa and Kodama 
in |12[ [TB] to describe the nonlinear propagation of pulses in optical fibers. In 
literature, it is called as a higher order nonlinear Schrodinger equation or also 
Airy-Schrodinger equation. Moreover, as we are going to show below in this first 
section, depending on the values of the constants a, b, c, d and e, p.ip describes 
many interesting known problems. 

It was shown in [T7] that the flow associated to the IVP (|l.ip leaves the 
following quantity 

h{v{t)) / \v{x,t)\Ux, (1.2) 
Jr 

conserved in time. Also, when be ^ we have the following conserved quantity 
hivit)) := C\ f \d,v{x,t)\Ux + C2 f \v{x,t)\-' dx 

(1.3) 

-I- C3 Im / v{x,t)dxv{t,x)dx, 

JR 

where Ci — 3 be, C2 = — e (e + d)/2 and C3 = {3bc — a (e + d)). 

Regarding the IVP pTT]) with 6 7^ 0, Laurey in showed that the IVP 
is locally well-posed in i7^(R) with s > 3/4, and using the quantities (jl.2p 
and (|1.3I) she proved the global well-posedness in H'^{M.) with s > 1. In [32] 
Stafhlani established the local well-posedness in H''{R) with s > 1/4, for the 
IVP associated to (|1.1|) . improving Laurey's result. 

In the problem (jl.ip . when a, b are real functions of t, (6 7^ 0), was proved 
in [4] the local well-posedness in H'^{M.), for s > 1/4. Moreover, in when 
c = (d — e) a/3 b, global well-posedness was established in H^{M.) with s > 1/4. 
Also, in [5] one has the unique continuation property for the solution of (jl.ll) . 

One stress the importance of the weighted Sobolev spaces. This question 
goes back to work of Kato ,13[, where the space X^'"''" for (r = 1, 2, . . .) was first 
introduced to prove well-posedness with weight for the KdV and generalized 
KdV equations. Following Kato, we observe that functions in the Sobolev spaces 
TJ* do not necessarily decay fast as jx| — > 00. Therefore, since we want to prove 
well-posedness in spaces of fast-decaying functions, a simple choice is a weighted 
Sobolev space H'^iR) n L'^(uj{x) dx) for some appropriated weight function w, 
see [IB] . 

One of the purposes of the present paper is to show well-posedness of (|l.ip . 
with 6 7^ 0, in the weighted Sobolev space X^'^, for 9 G [0, 1]. The most difficult 
question in this work is to prove the persistence in the weighted Sobolev space 
to the solution u{t) of the IVP (jl.ip given by the global theory in H^, which 
seems to be so regular, but it is not the point of the paper. To establish this, 
we approximate the solution by a sequence of smoothing solutions of (|l.ip (see 
Lemma f3.4p . We show that this sequence belongs to a family A of functions 
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(see conditions (|2.9p - (|2.12p ) where is possible apply the Abstract Interpolation 
Lemma (Lemma 12. 2p . which permits to obtain the persistence in X^'^ for this 
sequence of smoothing solutions. Then passing to the limit in this sequence, 
we get the persistence for the solution u{t) in X^'^ as desired. Moreover, since 
X*'^ C X*'*, for all s G M and 9 € [0, 1], see Remark 1 1.11 we have also extended 
the well-posedness results in [T3] for the KdV and generalized KdV obtained in 
the weighted Sobolev space X^'^. The authors would like to observe that, as it 
is known by them, it is the first time in literature, where the weighted Sobolev 
space X"'^ for 6 e [0, 1] appears. 

An outline of this paper follows. In the rest of this section we fix the notation, 
give the definition of well-posedness and present some background concerning 
the theory of well-posedness for the Airy-Schrodinger equation. The Abstract 
Interpolation Lemma is given at Section 2. In Section 3, first we show some 
conserved quantities, and prove a nonlinear estimate. Then, we formulate the 
approximated problems associated to the IVP (jl.ip and prove Lemma l3.4[ which 
is important to show Theorem 13.71 at the end of this section. 

1.2 Notation and background 

At this point we fix some functional notation used in the paper. By dx we 
denote the Lebesgue measure on R and, for 6 > 0, 

dfig{x) := {l + \x\^f dx, 
diig{x) :— |a;p'' dx 

denote the Lebesgue-Stieltjes measures on M. Hence, given a set AT, a measurable 
function / € L^{X; d^o) means that 

\\f\\h{X:di.e) = / d^^e{x) < oo. 

When A = M, we write: L^((i/ig) = i^(R; d/ie), and for simplicity 

= {dfio ) , (dfj.) -L^idfii). 

Analogously, for the measure d/ig. We will use the Lebesgue space-time L^L^ 
endowed with the norm 

II/IIl££? = ||ll/IU?ILs = ( / {f\f{xMdtY''dx)"'' (l<p,<7<oo). 

When the integration in the time variable is on the whole real line, we use 
the notation H/Hlpl'. The notation is used when there is no doubt 

about the variable of integration. Similar notations when p or g are oo. As 
usual, H'^ = H^{E), ij* = H^{E) are the classic Sobolev spaces in ]R, endowed 
respectively with the norms 

\\f\\L^(d^L,)l WfWn- '■= ll/llL2(d/i,)- 
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In this work, we study the solutions of (|l.ip in the Sobolev spaces with weight 
X^'^, defined as 

l"-^ -.^ nL^idfie), (1-4) 

with the norm 

ll/llxM := WfWH^^ + Wfh^id^s)- 

Remark 1.1. We remark that, X^^^ C X^^^, for all s and 9 G [0, f]. Indeed, 
using Holder's inequality 

The following definition tell us in which sense we consider the well-posedness 
for the IVP (fLT|) . 

Definition 1.2. Let X be a Banach space and T > 0. We say that the IVP 
(jl.ip is locally well-posed in X , if the solution u uniquely exists in certain time 
interval [— T, T] (unique existence), describes a continuous curve in X in the 
interval [— T, T] whenever initial data belongs to X (persistence), and varies 
continuously depending upon the initial data (continuous dependence), that is, 
continuity of the application 

uo^u from X to e{[-T,T];X). 

Moreover, we say that the IVP p.ip is globally well-posed in X if the same 
properties hold for all time T > 0. If some hypotheses in the definition of local 
well-posed fail, we say that the IVP is ill-posed. 

Particular cases of (ll.ip are the following: 

• Cubic nonlinear Schrodinger equation (NLS), (a = ±1, b = 0, c = — 1, 
d = e = 0). 

iut ± Uxx + \u\'^u = 0, XjieM. (1-5) 

The best known local result for the IVP associated to (|1.5p is in II^{M.), 
s > 0, obtained by Tsutsumi |25| . Since the norm is preserved in (jl.Sp . 
one has that (jl.Sp is globally well-posed in PP{M.), s > 0. 

• Nonlinear Schrodinger equation with derivative {a ^ —1, b = 0, c — 0, 
d ^ 2e). 

i-ut + + «A(|m|^m)x = 0, X,tGR, (1.6) 

where A £ M. The best known local result for the IVP associated to (jl.6p 
is in H%R), s > 1/2, obtained by Takaoka [21]. Colhander et al. [S] 
proved that (jl.6p is globally well-posed in _ff'*(R), s > 1/2. 
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• Complex modified Korteweg-de Vries (mKdV) equation (a = 0, 6 = 1, 
c = 0, d= 1, e = 0) 

ut + Uxxx + \u\'^Ux ^ 0, x,teM. (1.7) 

If u is real, (|1.7p is the usual mKdV equation. Kenig et al. [15] proved 
that the IVP associated to it is locally well-posed in s > 1/4 and 

Colhander et al. [TO], proved that (|1.7p is globally well-posed in H''{R), 
s > 1/4. 

• When a 7^ and 6 = 0, we obtain a particular case of the well-known 
mixed nonlinear Schrodinger equation 

ut ^ iauxx + K\M'^)xU + g{u), x,teR, (1.8) 

where g satisfies some appropriated conditions and A G M is a constant. 
Ozawa and Tsutsumi in |19) proved that for any p > 0, there is a positive 
constant T{p) depending only on p and g, such that the IVP (|1.8p is locally 
well-posed in _ff^/^(R), whenever the initial data satisfies 

||woIIhi/2 < p. 

There are other dispersive models similar to (jl.ip . see for instance [Tl [8l [TTl [20l 
\TT[ [53] and the references therein. 

Remark 1.3. 1. We can suppose — in (|1.3p . In fact, when ^ we 
have the following gauge transformation 

v{x,t) = exp (^ax + i{aa^ + ha^)t^ u{x + {2a a -f 'dba^)t,t), 

where 

3 6c — a[d + e) 

• 

Then, u solves (jl.ip if and only if v satisfies the equation 

dtv + i{a + Za h)dlv + bdlv + i[c - a{e - d)) \v\'^v + d\v\'^dxV + ev'^dxV = 0, 

and in this equation we have the factor C'3 — 0. 

2. Let c = id — e) a/3 b and uix. t) be a solution of (|1.1[) . If we choose a new 
unknown function v{x,t) related to u by the relation 

fa \ a^ 

v[x, t) = exp \i— X + tju(x+ — t,t). 

Then, u solves (jl.ip if and only if v satisfies the complex modified Korteweg-de 
Vries type equation 

dtv + bd^v + d\v\^dxv + ev^dxv = 0. 
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2 The Abstract Interpolation Lemma 

The aim of this section is to prove an interpolation lemma with weight concern- 
ing space time- value functions. 

Let / be a function from [-T,T] in i/''(R) for each T > and s > 1/2. We 
suppose that for all t e [— T, T], / satisfies the following conditions: 

(«) For each t G [-T,T], G 7^ O) > 0, where Z^{E) is the 

Lebesgue measure of measurable set c M. 

(m) There exist constants Co,Co > 0, (7i > (independent of /, t), such 
that 

||/(Olli^<C^o||/(0)||i., (2.9) 

\\fml^(ai.)<G,\\fml^idi.)+Ci- (2.10) 

[Hi) For all 9 G [0, 1], there exist > (independent of /, t) and 71 G (0, 1), 
such that 

/ |/(t)Pd/ie <7i / \f{t)?d(ie. (2.11) 

"'{|/(*)P<e} "'R 

(iw) There exist i? > and 72 G (0, 1) (both independent of /), such that 

|/(0)pdA<72 / |/(0)pdA- (2.12) 



{R\(-i?„_R)} 

We denote by 71 a set of functions that satisfies the above conditions. The 
following remark shows a non-enumerable number of non-empty sets A. 

Remark 2.1. Let Rq^T > be constants and b > 0, such that for each 9 G [0,1], 
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e'd^ < ^T^T^ / e'dc (2.13) 

LetAQ the set of the continuous functions inM. such that f{(_) = > Ra+b, 
/(^) = A if 1^1 < Rq and < /(^) < A, where A is any positive real number, 
fixed. Now, we set 

At :={/(te) = /(0(i + N); te[-T,T]j{OeA^}. 

Then, for each A, A^ is a like set A. In fact, condition (i) is clearly satisfied. 
The condition (ii) is satisfied with Co ^ Co — \ + T . The condition (iv) is 
satisfied with R = Rq + b for all ^2 G (0, 1), since the first integral in (I2.12p is 
null. And the condition (Hi) is satisfied with Q = A^ and 71 = 1/2, since (j2.13p 
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implies 



[ e'\f{t,o?d£.<{i+TfA^ I e'd^ 

■/{|/(t)P<A2} J {Ro<\i\<Ro+b} 



2{l + TY J[o<\ii<no}' 

^ "'{0<|«|<flo} 

^ Jr 



Lemma 2.2. For each 9 G (0, 1), there exists a positive constant p{9), such 
that, for each t e [-T, T] 

wfmhi^aM < \\fm% (K,\\fmh+Ki\\fmhi,M+^^) (2-14) 

for all f & A, where 



p+i 



IV K - ^° [±y K - 

ej ' p(i-72) \ej ' ' pR^'"' 

Proof. 1. For simplicity of notation, we sometimes write = /(C) and 

/(0,C) = fo{£.)- Let 9j > 0, (j = 0,1), constants independents of t, and for 
e e [0, 1] set 

It' ■■= [ \e'\fm'X{\mw>e,}d^ 
Jr 

Jr. 



■■= / \e'\f{on{\m\^<o.}d^, 

Jr 

where xa is the characteristic function of the set A. Therefore, we have 

i -= [ 1/(0 P d^ = ii' + 4' = ii' - Oo4' + 4' + Oo4'- 

Jr 

Moreover, it is clear that 4' < 4' ' indeed 

4' -4'= I ier(i/(or-^i)x{i/(«)p>..}de>o. 

Hence, 6'o/|' < 6»o/i' < 6»o [4'' +4') = I- Therefore, we have 

(1 - ^o) / < / - 6^4' = 4^ - eo4' + 4' ■ (2-15) 

2. Claim p: There exist 9i > independent of f,t € [—T,T], and a positive 
constant P < 1, such that 4' < 1^4' ■ 
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Proof of Claim jjl: We must show that 

Jje'\fit.O\'x{\fV<e,}d^. 

Therefore, it is enough to show that 



which is satisfied since f ^ A. Consequently, we take 6*1 = of inequality 
I|21T]) . 

3. Now from item 2, we are going to show the existence of a positive constant 
a < 1/2, such that 

4^ <aif,^+4^)=al. (2.16) 

Indeed, we have 

4^ < a(J^ + 4^) ^ (1 - a)4^ < a 4^ 
Therefore, it is enough to take /3 < 1 and, we have 

Now, we fix 6*0 = (3/4 - a) > 1/4 and, from ^JQ, ^J^, we obtain 

4. Claim p: There exist iVi G N and a constant Ci > both independent 
of / and t, such that, for all rj > Ni 



\fionrd^<ci / \Monrd^ + ci. 

Proof of Claim {12: Equivalently, we have to show that 

/ \fm'\ed(- I [/(opiepdc 

■^R J \\e\>ri\ 



//-\|2|/-|2 J/- I \ £ / /•\\2 \ /•\2 J/- 1 /^^ 



<c\ / \fom'\^\' d^-c, / \fom'\^\' d^ + d 



m>v} 



for each t] > Ni. Hence using (|2.10p and supposing Ci > Co, it is sufficient to 
prove that 

Ci+Co f \fo{0\'\ed^~ I 

Jr Jm>'n} 
By a simple algebraic manipulation, it is sufficient to show that 



Ci / l/o(C)nC|' < {Ci - Co) / |/o(Ol'iei' d^ 
Jm>r,} Jm 

+ [ ifm'ied^. 

Therefore, it is enough to show that 

/ m)\'\ed^<%^ f ifoioni'di, 

J{\i\>v} Cl Jr 

which it is true for / S yi. Consequently, we take TVi = i? of inequality p.l2p . 

5. Finally, we estimate if^ — 6*0-^2^ • 
If 6* = 0, 1 by dm and ([XTUI is obvious that 

ii^-eo4^<coJje'\fom''d^. 

Consequently, we consider in the following 9 G (0, 1). 

( ( ici i/(e)r/^ f ^ - ((^o^o^/^^iei n x{i/«)P>M 

For each rj > 0, let ifiirj) — rf'^ . Hence, f'{ri) — 29 rf'^"^ > and, we have 
lt'^9o4' - / / ^'{n)drjd^ 



^29 v''-' XEMiOd^dr, 
Jo Jr 

^29 rf'-' L\{E{rj)) dr^, 
Jo 

where 



We observe that, 



Hence we obtain 



J{i^m<'n} 



Jo "'{«;|£|<'?} 



From item 4 and applying (|2.9I) . it follows that 



|(2/e)-2 / 28-3 / I ./cM2 



l',^-0ol",^<29\\m\\f/>-' / ^--^ / 1/(01^ \ d^d^ 

Jo J{i^\^\<v} ^ 

poo 

(2/e)-2 / 29-3 



+ 2eC,\\m\\%''''-' / \m)?\^? / V''-' drjd^ + E 

= ^ ll/Wllg/"^-' / l/o(OP d^ 

1 - P 

(1 - 6i)iVf ^^"^^ 

3 Statement of the well-posedness result 

This is the section where the well-posedness ol the Cauchy problem p.ip 
weighted Sobolev space X^'^, for 9 G [0, 1] is proved. 



where 
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3.1 A priori estimates 

Lemma 3.1. If u{t) is a solution of the IVP with u{Q) in , then for 
each T > 0, 

\Ht)\\L2 - h(0)|U2, (3.18) 

||M.(i)||L2 <2||?/,(0)|U2+ C|C2M|||u(0)||i2 + 2|C3/Ci|||w(0)|U2, (3.19) 
for all t £ [—T, T] . Moreover, we have 

\\uUt)\\h < {hUmh + ft) (1 + T) e''^, (3.20) 
where h = fi,(||uo||i2, ||uoa;||L2) is a continuous function with h{0,0) = 0. 

Proof. The inequalities p.lSp and p. 191) are consequence of conserved laws 
(|1.2p . p.3p and the Gaghardo- Nirenberg inequality \\v\\li- < ||i'||%^||f£c||y2'', see 



[7] and [17]. For inequality i^^, we address [Ij. □ 

Proposition 3.2. Let u be a solution of the IVP p.ip . If u{t) G X"'^ for each 
t G [— T, T], TO^/i s > 3, t/ien 

< e'^"^(holli2(,^)+aoftor), 
/or a/Z t e T], where oq :— 2\a\ + 3|6| + {\d + e|)/2 and 
fto - fto(lk(0)|U2, ||w,(0)|U2, ||7.,,(0)|U2) 
is a continuous function with h(){0,0,0) = 0. 

Proof. 1. First, let us consider a convenient function, i.e. ipn G C°°(R), ipn 
a non- negative even function, such that, for each x > 0, < ipn{x) < x^, 
< (p'nix) < 2x and \'J'n {x)\ < 2, {j ^ 2,3). Moreover, for < a; < n, 
^nix) — x'^, and for a; > lOn, </?„(a;) = 10 n^. 

2. Now, multiplying the equation (jl.ip by (pnit and taking the real part, we 
get after integration by parts. 



^ J (pn\ufdx + 2adi^ j ipnuu^xdx 

+ 263? (pnUMxajxC^a;^ + 2c 3? y (p„|u|'*(ix^ (3-21) 
+ 2dSR^y iy9„'S|u|^U2:(ia;^ +2e^^J ipnUU^Uxdx^ =0. 

The term with coefficient c is zero. Integrating by parts two times the integral 
with coefficient b, we obtain 

/ = / ,„a....d. + 2 / + f (3.22) 

Jr Jr Jr 
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Integrating by parts the first term in the right-hand side of p.22p 

= /ri-.,^.. (3.23) 



and integrating by parts the second term in the right-hand side of (|3.22p . we 
have 



2 / (p'^UxU^dx — —2 / ip[[uxudx — 2 / ip'^Uxxudx. (3.24) 
Js. J& Js. 

Now, combining the equations p.22p - (|3.24p . we get 

(PnUUxxxdx = - / ipnUUxxxdx -3 (p'„UxxUdx 

— 2 / (f'^Uxudx + I ip'^Uxudx, 

and thus 

2K (finUUxxxdx^ — —33? J ip'^fixxudx ~ ^ J 'PnUxudx. (3.25) 
Integrating by parts the integral with coefhcient a in p.2ip 

/ (pnUxxUdx = - (finUxUxdx - / Lp'^UUxdx. 

Jr Jr Jr 

Therefore, 

5R y (finUUxxdxJ — 3 ip'j^uuxdx^ . (3.26) 

Now, we consider the integral with coefficient d in p.2ip and integrating by 
parts, we have 

f f f 

ipnU\u\'^Uxdx = — (fnUU^Uxdx — 2 / IfnU^UUxdx — / tp'j^U^ iL^ dx , 

'. Jr Jr Jr 

and this inequality implies 



j Lpnu\u\^Uxdx^ = j ip'n\u\'^dx. (3.27) 
Finally, we consider the last term, that is, with coefficient e 

3? (fin'u^'uuxdx^ ~^i^J "^"^l^l^"^*^^^ ^ 4 y 'fin\''^\^d,x. (3.28) 
3. From and ([323- (EUl), we obtain 



I (pn\u\'^dx = ~2a'^ ( f 
'Jt Jr \Jr 



Lp'^uuxdx] -t-36 5R / ip'^Uxxudx 



f (fi'^Uxudx + - — / (p'^\ufdx, 
Jr 2 Jj{ 
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and using the properties of we get 

^ [ ipn\u\'^dx <2\a\ [ x^\u\'^dx + 2\a\ [ \ua:\^ dx + 3\b\ [ x'^\u\^dx 
(^i Jr Jr Jr Jr 

+ 3|6| / \u^^\'^dx+\b\ / \u\'^dx+\b\ / \u^\'^dx 
Jr Jr Jr 

+ ^ fxM'dx + ^^ I \u\'dx. 



Now, passing to the hmit as n — >■ oo and applying the Dominated Convergence 
Theorem 

Ql\W{t)\\h(d^)<(^o {\W{t)\\l.(a^)+A), 



where A = ||m(0)||2, + (1 + ||u(0) H^,) sup.gR \\u,{t)\\l, +sup,gR \\u,,,{t)\\l,. Ob- 
serve that by and ((X^ 

A < h>{\\u{{))\\L-. hx(o)|U2, ||m,,(o)|U2) < 

where ?io is a continuous function with hQ{Q^ 0, 0) = 0. Now, applying Gronwall's 
inequality, we have for all i G [0, T] 

Mt)\\h(d^) < e'^°^(h(0)||i.(,^) +ao TA). (3.29) 

4. Let fco be a non-zero real parameter and set u{x, t) := u{x, fcp t)- Since u 
is a solution of (jl.ip for every i £ R, then w is a global solution of the following 
Airy-Schrodinger equation 

dtu + ia d^u + hd^u + ic \u\'^u + d \u\'^dxU + eu^dxU = 0, 

where d = a, . . . ,e = fco e. Therefore, we have an analogously inequality for 
{t, that is 

\\m\\h(d^) < e'"^(h(0)||i.(,^) +50 TA), 

for all t € [0, T], where do = |fco| ao- Now, taking T = T and fco = —1, we obtain 
that the inequality (|3:29|) is valid for aU t e [~T,T]. 

□ 



3.2 Unitary group and non-linear estimate 

We begin defining the unitary group U{t) as the solution of the linear initial 
value problem associated to 

dtu + iadlu + b d^u = 0, 

u{x, 0) = Uq{x). 
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Hence, we have 

(m^oio = exp {tt{ae + be)) mo- i^m 

For convenience, we define the non-linear part of equation in (jl.ip as 

F{u) := ic \u\'^u + d \u\'^dxU + e v?dxU. (3.31) 



Next we recall a well known result, see for instance [41 [T5]. 
If / e LlLl, uo e H^/^ and U(t) is the unitary group as in ((3:30)) . Then, 
there exists a constant C > 0, such that 



a. / U{t-t')f{x,t')dt' 



<C||/||ii£2 (3.32) 



and 

\\U{t')uo\\LtLr <C\\uo\\hi/.- (3.33) 
This result enable us to prove the following 

Proposition 3.3. Let u e e{R,H^) be the solution of IVP then 

hlUt^r <C\\ummf^ + C f\\\u{t')\\HirMt')\\H2 

Jo 

+ Mt')\\l,,Mt')\\H^)dt', (3.34) 
where C is a positive constant. 

Proof. In order to prove this inequality we rely on the integral equation form 

u{t) = U{t)uo I U{t~ T)F{u){T)dT, 

Jo 

where F{u) is given by p.3ip . The linear estimate (|3.33p shows that if u{0) G 
then for any t > 

MLtLr < c\Ho)\\m/^ + c f (II^^(^^)IIl^ + II dxF{u)\\L2)dt'. (3.35) 

First, we estimate ||i^('u)||L2 . By the immersions ||'«(i)||L;;f < C||u(t) ||^i/2+ and 
||"(i)||L4 < C'll'"(i)lliji/4, it'^foUows that 



\u\Mt') hi <\Ht') hrh'it') lU. < c\Ht') l|^v.+ h(t') r 



<C\\u{t')\\Hm^\\u{t')\\l,,,, (3.36) 



and 



|||"P«x(OIIl^ < h(0lli2o|k.(t')llL^ <C||u(i')ll?^imll"(OllHi- (3.37) 
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Analogously, we treat the term u^dxU. 

Now consider ||9a;F(M)||i2 , we estimate the term jupUx- The estimates for 
the other terms are similar. Using Leibniz rule, it is easy to see that 

\\dM^u,W)\\Li < WuuUt') hi + II \u,\Mt') hi + II \u\WAt') hi 
< c\Ht') ||^v.+ 11^.(^0 Wl. + hit') f^,/.+ hit') . 

(3.38) 

Hence combining p.35p - p.38p we conclude p.34p . □ 



3.3 Approximated problem 

Let X be a Banach space, uq ^ X and (ito)A>o a family of regular functions, 
such that 

Uq — > uq in X , 

when A — > cxD. For each A > 0, we consider the following family of approximated 
problems obtained from (ll.ip 

dtu^ + iadlu^ + bdlu^ + ic\u^\^u^ + d\u^\^dxU + eu^^dxU^ = 0, x,teR, 
u^{x,0) = u^ix). 

(3.39) 

As mentioned in the Introduction, we know that (jl.ip is global well-posedness 
in H^. In order to prove the well-posedness with weight result. Theorem 13.71 
we initially proving the following 

Lemma 3.4. Let T > 0, uq € H^, Uq uo in H^, and any s G [0, 2) fixed. 

Then, for each t G [— T, T], the family {u^){t), solutions of the approximated 
problems p.39p . converges to u(t) in , uniformly with respect to t, where 
uit) g H'^ is the global solution of the IVP (II. ip . 

Proof. 1. We begin proving that [u^] is a Cauchy sequence in . Let /i u^, 
V :— and w = ji — we rely on the integral equation form 

^Ji{t) = U(t)u^^ - [ Uit- T)F{ti){T)dT, (3.40) 
Jo 

and 

v{t)^U{t)u^ - [ U{t-T)F{v)(T)dT, (3.41) 

where F{u) is given by (|33T|) . Thus ((3^ and ([QT]) imply 

w{t) = U{t){u^ - u^') - f Uit- r)(i^(^) - Fiv)){T)dT. 
Jo 
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Hence we have 

\HmLl<H-U^'\\L-+ I U{t-T){F{,x)-F{v)){T)dT 

Jo LI 

We can suppose a, 6, c, d positive numbers, and using the definition of F{u) 

\\[ U{t-T){F{ti)-F{v)){T)dT\\Ll<C j \\\ll\''w+,lVW+\v\''w\\j^^dT 

Jo Jo " 

+ d \\lJ.VxW + wvvx\\i^2 dr + e WwnJI^ + wv'JI^\\^2 dr 
Jo ''Jo " 

+ II / U{t - r)(rf|MrWx + ev%x)(r)rfr||i2 
Jo 

= :Ic + Id + Ie + Ide, (3.42) 

with obvious notation. Applying the Holder inequality, the Sobolev immersion 
||u(f)||i,oo < C \\u{t)\\Hi/2+ and conservation law in H^, it follows that 

Ic <c I\Ml^ + ML^nwU^dr < 2c [\mI. + \\v\\h)\\whidT 
Jo Jo 

<Cc{\\4fm + HWh + + HWh) f IklUjrfr 

Jo 

<2Cc{\\uo\\l. + ll^olli^) f WwUidT. 

Jo 

Analogously, using Holder inequality, the immersion ||u(t)||j:,oo < C||u(f)||jji/2+ 
and conservation laws in and H'^, it follows that 

h <d I\m\l^ + \\v\\L^)\\v.\\LAM\LldT 







<d (IImIIhi + IbllHOII^IlH^klUsc^'r 

<Cd{\\uUH- + llno^lli. + IIuo^'IIhi + \\u^o\\l^)^^ f IklUjdr 

Jo 

<2Cd{\\u4m + \\uo\\l2)no f WwhidT, 



where Qq = ^^o(||mo||i,2, ||wo||jji, ||uo||jj2,r). Similarly we obtain 

Ie<Ce{\\uQ\\m + \\uo\\l2)no f Wwhidr. 
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Now, we estimate Ide- From p.32p . we have 



^de ==11 / U{t - t) [d{\fj,\ w)x-d{\fj,\ ).j;W + e{v ■w)^ - ^evv^w) {T)dT\\ 



LI 







2„,, I „„,2— \ , / ||j/|..|2\ 



<||<9x / U{t~T){d\^iYw + ev^w)dT\\L2^+ j \\d{\^iY)xW - 2evVxw\\L2^dT 
Jo Jo 



<C IMI^pw + ew2w||ii£2 +c{d + e){\\uQ\\Hi + \\uo\\l2)no / \\w\\LidT 







<CM|||Mlli4£-lkllL2£?+c|e|||i;||i4£=.||«;|ii2£2 

+ C{d + e){\\uo\\m + \\uQ\\l2)no I \\w\\L2dT 

Jo 

+ {\\uo\\hi + \\uo\\l2)no Iklli^dr). 
Applying Proposition l3.3[ we conclude 

Ide <C{d + e) (ni\\w\\L2j:2 + (llwollffi + \\uo\\l2)no IMlIcIt^ , 
where ili = r^idlwoIlL^, ||wollii-i, \\uo\\h^,T). Finally, we have 

\\wmLZ< \\u^-u^'\\l^+CT, [ \\w{T)\\L2dT + C{d + e)n,\\wh2r2 







(3.43) 

where Fi = 2CcF2 + C(d + e)Ff2o and F = ||wo||hi + ||wo|li2- Moreover, since 

\\w{T)U2dT<T'^^wh2^2, 

it follows from inequality p. 431) that 

\\wml2 < C\\4-4\\l2+CTlT f \\w{T)\\l2dT + Cnl f\\w(T)\\l2dT, 

Jo Jo 

and using Gronwall's inequality 

||-Wlli^<C||uo^-.o''||i2e^*(i^?^+^?). 

Consequently, (u^) is a Cauchy sequence in L^, and hence u £ L^. 

2. Let s e (0,2), the interpolation in Sobolev spaces shows that 
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where ^2 = Q2{\\uo\\l2, ||uo||^i, I|uo||^2,T). Hence we have 



in H' for all s e [0,2). (3.44) 



Observe that the conservations laws in and for implies that the limit 
u also satisfies: 

\\uit)\\L2 ^ \\um\L- (3.45) 

and 

Mt)u^<\\umH^ + c\\umh. (3.46) 

Moreover, the conserved quantity (I3.20p gives 

hLmh < i\\uUO)\\h+C,)il + T)e^-^, 
where the positive constants C4 — C4{\\uq\\l2, \\uq^\\i^2). Thus 

hLmh < c(||u..(o)|U., \K{o)\\l^, lk(o)IU2,r). (3.47) 

Applying the Banach-Alaoglu Theorem, there exist a subsequence already de- 
noted by u^, and a function u G H^, such that 

,A , - ■ Tj2 



u 



M, in H\ (3.48) 



Therefore, ^ u in . On the other hand, by (I3.44p we have ~^ u va. 

and thus u in . Consequently, the uniqueness of the limit gives 

u = u e H'^. The inequality (lOT)) and the limit (I08)) implies 

\\u,,mL2 ^\\u,,{t)\\L2 < liminf ||«^Jt)||2, 

<C{\\uU0)\\l2, ||u(0)|U.,r). (3.49) 

3. Now we will prove that it is a solution of (jl.ll) . Using Duhamel principle, 
we will show that, for each t £ [— T, T], u{t) — L{u){t), where 

L{u){t) U{t)u{0,x) - [ U{t~ T)F{u){T)dT. 

Jq 

Let m := L{u'^) — L{u), then 

< \\u\0,x) - u{0, x)h2 + II r Uit - t')iF{u^) - F(u))(t')dt'||L^. 

Ja 

(3.50) 

In the same way as in p. 421) . we get 



U{t - t){F{u^) - F{u)){T)dT\\L2 <c / \\\u\^w + uvw+\v\''w\\.:,dT 

Jo 

+ d \\uVxW + wvvx + \u\'^Wx\\r2 dr + e / lluiuui: + wuux -f w^WxIl ra f^T 
Jq ' Jo 

clc + dJd + eJe, (3.51) 
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where v = and w — ~ u. We begin estimating 

Ic<C{\\u\\L^m + \\v\\L^H^ f I \\w\\LldT 

Jo 

< (h(O)ll^i + HWh^ + \\umh + Wu'oWhfJ^ Wwh^jT. (3.52) 
Therefore, ^ as A cx). By ^JE^-^Ml and (IXiljl - dXiSl) 

Jd<C'{\\u\\Loojji + \\v\\L^H^)\\v\\LrH^ / \\w\\LldT 



+ Mlrm I \WA\LidT. (3.53) 
Jo 

Hence ^ as A — > cx). Similarly by p.49p . we have 

Je <C{\\u\\l^h^ + ||w|U-/fi)||u||L~ff2 / \\w\\L2dT 

Jo 

+ \\v\\l^ml^ ll^^.lU.dr^O. (3.54) 

Then, combining p. 441) and (I3.50p - p.54p and passing to the limit as A ^ oo 

zu = L{u^)'~L{u)=u^ -L{u)~^Q in i^. 
The uniqueness of limit implies that u — L(u). □ 



Remark 3.5. 1 Observe that the proof of Lemma \3.4\ gives another way to 
prove the global well-posedness of (II. ip in . For instance, in order to show 
the persistence we proceed as follow: 

We claim that u G C{[0,T], H''), for s e [0,2]. Indeed, let tn t in [0,T], 
and using the Duhamel 's formula we have 

\Htn) - u{t)\\H2 <\\U{t„)uo ~U{t)u4H^ 

ftn ft 

U{tn - t')F{u){t')dt'Q - U{t~ t')F{u){t')dt'\\H2 
Jo 

L1+L2, 

with the obvious notation. In Li, by the Dominated Convergence Theorem, 
passing to the limit as n 00, 

Ll^ I (l + e')2|e^*"*(«) -e^*^(«)nuo(e)|'d^ ^0, 



where 0(f) — a^^ + b^^ . In L2 also by Dominated Convergence Theorem, we 
have 



L2<\\ U{tr.-t')F{u){t')dt'jH2 + \\ / {U{tMt')dt' ~U{t)i^{t'))dt'\\H2 
Jtn Jo 

<\\ ^* U{~t')F{u){t')dt'Jj,2 + II £ {UitMt')dt' - Uit)^l;{t')) dt'\\ji2 ^ 0, 
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where ip{t') = U{-t')F{u){t') and this proves that u G C([0, T], iJ^). 

2 In Lemma \3.4\ we can consider Uq{x) :— J'^^ (^{ICKAl'^lO) (^) 

Uq{x) = J'^^ i^) where ijjx is a continuous function with support in 

2A, 2A] and such that ip\ — 1 in [—A, A]). Therefore, if uq G H'' then 

J J "'|5|>A 

when A — > oo. In this case, Paley-Wiener Theorem implies that the initial data 
Uq in p.39p has an analytic continuation to an entire analytic {in x) function. 
On the other hand, by II4I the solution of the IVP (j3.39p also is an entire 
analytic function. Hence we have the following : 

Corollary 3.6. // uq E and u{t) is the global solution of the IVP (|3.39p 

associated with the initial data uq, then there exists a sequence of entire analytic 
functions such that u^{t) u{t) in , with s G [0,2). 

3 //mo G L'^{d^e), 9 G [0, 1], A > and u^{x) = {x{\^\<\}Uo) [x), then 

\\uo\\L^dM < WuoWmdM- (3-55) 

In fact, if 9 = 0, p.55p is a direct consequence of Plancherel's theorem and 
definition of u^. If 9 = 1, using properties of Fourier transform we obtain 

\xuoiO\ = |5«^o(C)l = IX{|C|<A}9^^(0I = Xm<\}\x^{0\- 
Thus by Plancherel's equality 

f x^\u^{x)\^dx^ f \^UOfd^< I \^^{i)?d^^ I \xu^{x)\^dx. 
Jm. Jr Jm. Jm. 

When 9 G (0, 1), we obtain p.55p by interpolation between the cases 9 = and 
9=1, see If. 



3.4 Main result 

Now, we state our main theorem of global existence: 

Theorem 3.7. The IVP iflJ]) is globally well-posed in X^.e for any < 9 < I 
fixed. Moreover, the solution u of satisfies, for each t G [—T, T] 

<^ (ll"oiii2 + i|uoiii.(<i^^) +1), 

where C = C{9, \\u{t)\\Hs ,\\u{Q)\\l2, h,(0)|U2, \\u,M\W,T),s > 1/2. 
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Proof. Let T > and uq e X^'^, mq ^ 0, 6* G [0, 1], we know that that there 
exists an function u G C{[-T,T], H"^) such that the IVP (fTTj) is global well- 
posed in H^. Is well know that S(R) is dense in X**'^. Then for uq G X^'^ there 
exist a sequence (uq) in S(]R) such that 

uo in X^^^ (3.56) 

By p.56p and Lemma 13.41 the sequence of solutions {t) associated to IVP 
(|3.39p and with initial data Uq satisfy 

sup \\u^{t) -u{t)\\H^ se[0,2). (3.57) 
te[-T,T] 

Suppose temporarily that the solutions of the IVP (I3.39|) satisfy the condi- 
tions (i)-(iv) of Section [21 Therefore Lemma gives 

/ \e'\uHt,o\'d^<c { f \u\o,o\^d^+ f \e'\uHo,o\^d^+'^), 

Js. Jr Jr 

where C = C(^^, ||u^(i)||H=, h^(0)|U^, h^(0)|U2, ||u^,(0)|U.,r), s e (1/2,2), 
taking the limit when A — ;> cxd, p.57p implies 

/ \e'\uit,0\'di<Ci [ \u{0,O\'di + I \e'HQ,0?d^ + ^). 

JK JR JR 

where C = C(0, 11^(^)11^., ||u(0)|U2, ||m,(0)|U2, ||u,,(0)|U2,r). Thus u{t) G 
X^'^, G [0,1], t G [-T, T], which proves the persistence. The global well- 
posedness theory in implies the uniqueness and continuous dependence upon 
the initial data in , therefore is sufficient prove continuous dependence in the 
norm || • ||l2(^^^-). Let u{t) and v{t) be two solutions in X^^^, 9 G [0, 1] of the IVP 
(jl.ip with initial dates uq and uq respectively, let u^{t), v^{t) be the solutions of 
the IVP (I3.39P with initial dates Uq and Vq respectively such that Uq,Vq G S(M), 
Uq — Uq, Vq — > vq in X^'* and with A >> 1, we have 

Mt) - vmLHdM <Mt) - u\t)\\mdM + \\u\t) - v\t)\\mdM 
+ \\v\t)^vit)\\L2^aM- 
Convergence in (I3.57P implies for A > > 1 that 

\u{x,t) -u^{x,t)\ <2\u{x,t)\ and \v{x,t) - v^{x,t)\ < 2\v{x,t)\, 

and the Dominated Convergence Lebesgue's Theorem gives 

Mt)-u\t)\\L2^aM^^ and \\v\t)-v{t)\\L2^dM^0. 

Let := — , then w''' satisfies the equation 

Wt + iaw^^ + bw^^^ + c{\u^\^w^ + u^v^w^ + \vfw^) 

+ d{u^v^w^ + w^v^v^ + l-u^pw^) + e{w^u^u^ + w^v^u^ + {v^fw^) = 0. 
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Then, we multiply the above equation by , integrate on R and take two times 
the real part, to obtain 

dt [ \w^{t,x)\''dx <h{\\uo\\H^,\\vn\\H^) I \w^{t,x)\'' dx, 



where we have used convergence (j3.57l) . Lema [3TT] and ft, is a polynomial function 
with /i(0, 0) = 0. Therefore, by Gronwall's Lema, we have 



<exp(r/i(||Mo||H^,||«o||HO) Ikol 



L2, 



which gives the continuous dependence in case = 0. 

Now, when 9 = 1 a, similar argument as used in the proof of Proposition 
gives 

\\w^{t)\\L^{dix) < exp (r/ii(||uo||ff2, ||uo||//2)) (^||u;o||i2(d^)+/ii(||Mo||//2, IIwoIIhO): 

where hi is a continuous function with /ii(0,0) = 0. 

Consequently, applying the Abstract Interpolation Lemma, we obtain the 
continuous dependence for 9 G (0, 1), where we have assumed temporarily that 
the family (w^) satisfies the hypothesis of the Abstract Interpolation Lemma. 

Finally we prove that the sequence of solutions {u'^" (t)) satisfy the conditions 
(i)-(iv). Similarly, we could obtain for the sequence 

Condition (i): There exists Nq such that VA > Nq and for aU t G [-T,T], 

L\{x G R;u^{t,x) ^ 0}) > 0. 

In fact, by contradiction we suppose that there exist sequences A„ oo and 
^0 £ [—T, T] such that, w^" (to, x) = almost everywhere. By convergence p.57p 
we conclude that u(to) = 0, the uniqueness of the solution implies it = 0, in 
particular uq — 0, which is a contradiction. 

In the following, we consider A — {u'^)\>No, see Section [2] 

Condition (ii): Inequality ()2.9p is a consequence of the conservation law in 

and (|2.10p is a consequence of the Proposition [321 

Condition (iii): We prove (|2.1ip by contradiction. If there exists a 9 & [0, 1], 
such that for aU 9 > 0, there exist A„ > Nq, to G [-T, T], 70 G (0, 1), such that 



{|«^"(to)|2<e} Jm 

Then, taking the limit as 9 — > 0+ in the above inequality, we arrive to contra- 
diction. 

Condition (iv) : We prove (|2.12|) also by contradiction. If for all i? > and 
each 72 G (0, 1), there exists A„ > Nq, such that 

|ii^"(0)p d/i > 72 / |w^"(0)p d/i, 72 e (0, 1), 

m>B} jR 

similarly passing to the limit as i? — > +00, carry to a contradiction, which proves 
the condition (iv). □ 
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